AIAA JOURNAL
Vol. 41, No. 9, September 2003

Adaptive Harmonic Balance Solutions to Euler’s Equation

Raymond C. Maple,* Paul I. King,” and Mark E. Oxley*
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433

A new adaptive harmonic balance method is presented and applied to a variety of subsonic and supersonic one-
dimensional flowfields containing strong moving shocks. The adaptive method augments the frequency content
in each cell as required to capture the local flow physics. Augmentation automatically adjusts with grid density,
resulting in lower frequency content on coarse grids that cannot adequately resolve high-frequency terms. A study
of the effect of augmentation thresholds, increments, and scheduling on the performance and accuracy of the
adaptive method is presented, and optimal parameters identified. When optimal parameters are used, the new
adaptive harmonic balance method produces solutions equivalent to a nonadapted harmonic balance solution, but

with up to a 50 % reduction in run time.

Nomenclature

unsteady amplitude

vector of Fourier coefficients for the dependent
variable Q, nth Fourier frequency

fraction of spectral energy in highest computed
Fourier frequency

total energy, p(e + 2u?)

frequency augmentation threshold

specific internal energy

vector of flux terms for one-dimensional Euler’s
equation

vector of harmonic balance flux terms for
one-dimensional Euler’s equation

inverse Fourier transform of F

Mach number

number of Fourier frequencies in an approximating
series

Fourier frequency number

static pressure

vector of dependent variables for one-dimensional
Euler’s equation

dependent variable vector for one-dimensional
harmonic balance Euler’s equation

inverse Fourier transform of Q

solution residual, L, norm of change in solution
over one time step

vector of harmonic balance source terms for
one-dimensional Euler’s equation

time variable

x velocity

spatial variable

density

pseudotime variable

fundamental Fourier frequency
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Introduction

NSTEADY time-periodicflowfields are found in such applica-
tions as blade—vane interactions in turbomachinery and aero-
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elastic limit-cycle oscillations in internal and external flows. Calcu-
lations of these flows have typically falleninto one of two categories,
time-accurate solutions and linearized solutions. Time-accurate so-
lutions capture nonlinear effects with no restrictions on unsteadi-
ness, but can require considerable computation time. Linearized so-
lutions, which are solved with steady-state techniques, are obtained
quickly, but are limited to small-amplitude unsteadiness and do not
capture nonlinear effects.

Recently, methods have been developed to speed up the calcu-
lation of problems with significant nonlinear effects. Hall et al.!
introduced the harmonic balance method to solve nonlinear sys-
tems containing a finite number of fully coupled harmonics with
no small perturbation assumption. In their method, the dependent
variables are recast in the form of a truncated Fourier series in time.
The time derivatives are replaced by harmonic frequency source
terms, converting the original unsteady problem to a steady-state
problem and allowing the application of convergence acceleration
techniques.

Good harmonic balance solutions can be obtained with six or
fewer frequenciesin the approximating Fourier series if the motion
of strong discontinuities is limited and the primary interest is in
the time average and first harmonic of the flow solution.!~* How-
ever, if the flow contains strong traveling discontinuitiesand higher
harmonics are important, a large number of series terms can be
required.

The ability of the harmonic balance method to generate solutions
containing strong moving discontinuities was examined by Maple
etal.’ Accurate solutions for the inviscid Burgers equation were ob-
tained if a sufficient number of Fourier frequencies were included
in the approximating solution. It was noted, however, that the num-
ber of frequencies required for a good solution varied throughout
the grid. In regions where the unsteadiness was continuous, few
frequencies were necessary, whereas in regions with moving dis-
continuities, many more were required.

This paper will show that it is unnecessary to maintain a large
number of Fourier frequencies throughout a grid to capture flow
details in localized regions of strong moving discontinuities. A new
adaptive technique is presented in which the number of Fourier
frequencies at each grid cell is automatically varied to capture the
local flow efficiently. The technique is demonstrated in the solu-
tion of the one-dimensional Euler equation applied to a variety of
periodic flowfields containing strong moving discontinuities.

Governing Equations

The one-dimensional Euler equationis givenin differential vector
form by
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where
o pu
Q=|pu|, F=| pu’+p 2)
E, (E, + p)u

The perfect gas relation and assumption of constantratio of specific
heats closes the system of equations.

Equation (1) can be transformed into harmonic balance form.!"3
The basis of this transformationis the approximation of the vector
of conservativevariables, Q, by a truncated Fourier series,

N
Q ~ Z Cn(x)e[nwl (3)

n=-—N

wherei = /—1, wis the fundamentalradian frequency of the series,
and C, (x) are vectors of complex Fourier coefficients that vary in
space, but not time. Substituting Eq. (3) into Eq. (1), evaluating the
time derivative and flux function F, and collecting terms of like
exponent results in the steady state equation

dF .
— @) +Sx)=0 “4)
dx

The Vectqri" contains harmonic balance flux terms, which are func-
tions of @, a concatenation of the Fourier coefficient vectors C,,
for 0 <n < N. The expressions for the components of F are quite
complex, consisting of gathered terms from multiple products of the
series expansions for the conservative variables. In addition, eval-
uation requires the solution of a series representing the reciprocal
of density. See Hall et al.! for a derivation of these terms. The vec-
tor S arises from the time derivative in Eq. (1) and comprises the
concatenationof vectors of the form inwC, for 0 <n < N. Because
the original vector of conserved variables, Q, is real, the Fourier
coefficients correspondingto the negative frequenciesin Eq. (3) are
simply the complex conjugates of those for the positive frequencies,
and only terms with n > 0 are retained.

Equation(4) representsa steady-statesystemof 2N + 1 equations
for2N + 1 unknowns. To allow a time-marchingnumerical solution
method, a pseudotime derivativeof the vector Q canbe added, which
yields

+8x,7)=0 S)

30(x,t)  AF(x,7)
ot + 0x

When a steady-state solution to Eq. (5) is reached, the added term
goes to zero, and Eq. (4) is recovered.

Adaptive Split-Domain Harmonic Balance Solver

A Jameson-Schmidt-Turkel (JST)®-type cell-centered finite vol-
ume solver was written to solve Eq. (5). This solveris second-order
accurate in space. To avoid oscillations at discontinuities, modified
JST artificial dissipation®’ was used in conjunction with globally
applied second-orderdissipation. The solver incorporated the split-
domain harmonic balance approach of Maple et al.,’ that is, Eq. (5)
was split into a homogeneous partial differential equation (PDE)
containing the advection terms and an ordinary differential equa-
tion (ODE) containing the source term. The homogeneous PDE
was transformed into the time domain to allow efficient calculation
of the fluxes:

a0 oF
9 [ 9F _, (62)
ot 0x
do .
€ 5-0 (6b)
dr

The vectorQ consistsof 2N + 1 instances of the original dependent
vector Q(x, t), sampled at times t = (0, At, 2At, ..., 2N At), with
At = (2m)/[w(2N + 1)]. the period of oscillation divided by the

number of samples. It is related to the vector Q through the discrete
Fourier transform, for example, the p components of the vector Q
are the inverse discrete Fourier transform of the p components of
the coefficients C, in Q. The flux vector F is the standard Euler flux
vector evaluated at the 2N + 1 values of Q making up the vector Q.
Numerically, F approximates the inverse discrete Fourier transform
of the harmonic balance flux vector F. Equation (6a) represents
2N + 1 independent instances of the original Euler equation with
time replaced by pseudotime. The independent variables have been
omitted for brevity.

The split-domain harmonic balance solution was advanced in
pseudotime by integrating Eq. (6b) half a pseudotime step, trans-
forming the intermediate solution to the time domain, integrating
Eq. (6a) for one full pseudotime step, and finally transforming the
result back to the frequency domain, where Eq. (6b) was integrated
another half pseudotime step. This approach, often referred to as a
Strang symmetric splitting approach ! required only one fast Fourier
transform (FFT)/inverse FFT calculation per cell, per iteration, and
significantly improved the stability of the solver (compared to a
nonsplitapproach) when large numbers of Fourier frequencies were
included in the solution.

Each of the equations in the system represented by Eq. (6b) is
independent, with the form

dCﬂZ
— +imwC,, =0,
dr

m=0,1,...,N @)
The exact solution to these equations is easily obtained, with the
updated value of the mth coefficient vector given by

C:1+1 — C’r,lle—[ma)Ar (8)
In practice, it was found that solving the ODE (6b) exactly slowed
or stalled convergenceto steady state. Convergence properties were
improved by solving the ODE numerically.

Pseudotime integration for both Eqs. (6a) and (6b) was ac-
complished with a three-stage Runge—Kutta (RK) scheme with
good high-frequency smoothing properties and minimal storage
requirements’ Local time stepping was employed to accelerate
convergence. The pseudo-time step in each cell was the smallest
maximum step across all computed samples. The maximum stable
Courant—Friedrichs-Lewy number (CFL) for the solver was 1.7.

Just as some regionsin a flowfield may require more cells or grid
points to capture adequately the flow physics, some regions also
require more frequenciesin aharmonicbalance solution. Analogous
to grid adaptation,which adjusts the number of grid pointsin aregion
to better resolve the flow, the adaptive harmonic balance approach
automatically adjusts the number of Fourier frequencies included
in the solution to resolve the flow at a given cell, on a cell-by-cell
basis.

Frequency Augmentation

In the current implementation, frequency adaptation is accom-
plished by means of frequency augmentation. With this approach,
the solution is begun with a user-specified initial number of fre-
quencies. As the solution develops, frequencies are added in fixed
increments to individual grid cells until a final frequency distribu-
tion and solution are obtained. Such an approachrequires a reliable
indicatorof solution fidelity at each computational cell. Because the
final time response of the flow is not known a priori, the indicator
must rely only on the current (and possibly past) state of the solu-
tion. A reliable indicatoris the fraction of spectral energy contained
in the highest computed Fourier frequency, given by

C 2
Ey= ©)
Yoo lCP

where all mathematical operations are performed elementwise, so
that Ey contains the fraction of spectral energy of the highest com-
puted frequency for each variable expandedin a series (p, pu, etc.).
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For the flowfields of interest, discontinuities in the time response
are localized and do not take the form of pure impulses, and so E y
decreasesas N is made larger. The use of E y as an adaptationmetric
is dependenton this property.

The decision to augment frequencies at a cell was made by com-
paring each element of Ey to a threshold value, Ey,.sn,. Because E y
tends to mirror the spatially oscillatory nature of the high-frequency
coefficients, it is smoothed with an unweightedfive-pointspatial av-
erage before thresholding. When any element of the smoothed E y
exceeds the threshold, additional frequencies are incorporatedinto
the solution at that cell. Selection of the threshold value was based
on the desired solution fidelity.

Once a cell was identified for augmentation,its frequency content
was increased by a predetermined increment, chosen to minimize
execution time. The time required to solve the split-domain har-
monic balance equations is composed mainly of two components,
the time required to solve the time-domain equations (6a) and the
time required to perform the necessary Fourier transforms.

The computational time for the time-domain equations increases
linearly with N, and so there is no performance advantage favor-
ing any particular frequency increment, as long as the increment
is relatively small. The computational time of the Fourier trans-
form varies with M, the number of terms being transformed, from
order M log,(M) for M a power of 2, to M?> for M prime. Be-
cause the split-domain harmonic balance method is based on a
set of M =2N + 1 real numbers, the ideal asymptotic complex-
ity of M log,(M) is never attained. However, modern FFT algo-
rithms such as those implemented in the Fast Fourier Transform in
the West (FFTW) library used in this effort yield nearly as good
performance when the number of terms can be factored into pow-
ers of small prime numbers, that is, when 2N + 1 =2935¢7911¢
for some positive integers a, b, ¢, d, and e (Ref. 10). Fre-
quency augmentation increments were chosen (see subsequentdis-
cussion) to minimize the combined cost of the flux and FFT
calculations.

Adaptation Scheduling

The goal of adaptation scheduling is to adapt the solution at the
times that yield the best performance. The frequency augmenta-
tion approach is most efficient when initiated with solutions that
are representative of the final solution. If adaptation is attempted
too early in the solution process, unnecessary frequencies could
be added based on transient flow structures that are not present in
the final solution. On the other hand, if the solution is allowed to
develop too long before adaptation is attempted, too much time
could be spent refining flow details that change when the solu-
tion is adapted, resulting in increased execution times. Therefore,
adaptation should occur soon after the major flow features are
developed.

In the current work, two adaptation triggers were employed. The
primary trigger was based on a measure of the flow development,
as given by a modified L, norm of the change in the solution during
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one iteration. The L, norm, or residual, was defined as

ni

(10

where ni is the number of cells in the computational grid, AQ is
the change in the solution vector in one iteration, and the tilde indi-
catescomplex conjugation. Adaptationwas triggeredwhenlog,, (R)
dropped by a user-specified amount. In the rare cases where con-
vergence stalls and the specified residual drop is not achieved, the
secondary trigger, which is based on the number of iterations com-
pleted, initiates adaptation.

Both the residual drop and iteration count were measured relative
to a reference residual and iteration number that were initially set
after the firstiteration of the solutionand reset wheneverthe solution
was adapted. The adaptation algorithm was implemented with two
sets of trigger values: one for the initial adaptation and a second
all subsequent adaptations. The initial trigger values were set to
allow time for the solution to develop from a poor initial guess.
Subsequent trigger values were set to allow errors introduced by
frequency augmentation to be removed from the solution and to
further refine the solution a small amount. Selection of adaptation
trigger values is discussed later.

Resampling at Frequency Transitions

Discretizationof Eq. (6a) requires the addition and subtractionof
the vectors Q (and F) within a discretization stencil. This presents
a problem for cells in the discretization stencil that have different
sample rates (numbers of frequencies).Not only do the vectorshave
differentlengths, but the elements correspondto the state of the flow
at different points in time. Cell quantities must be resampled so that
the sample rate is consistent across the discretization stencil.

Various resampling methods can be implemented, such as trunca-
tion/zero padding in the frequency domain and linear interpolation
in the time domain. To downsample a vector with truncation/zero
padding, a time-domain vector is Fourier transformed, truncated to
the desired size, and transformed back to the time domain. To up-
sample, a vector is transformed, zero padded to increase its length,
and transformedback to the time domain. For a linear operation such
as addition or subtraction, this approachis equivalent to performing
the same linear operation directly in the frequency domain.

One drawback with frequency-domain truncation/zero padding
is that interpolated values are not bounded by the original data. For
small sample rates, interpolation sometimes results in nonphysical
values. When this occurs, linear interpolationin the time domain can
be applied. With linear interpolation, values are obtained at the
required sample rate from a linear interpolation of the calculated
values.

Frequency-domain truncation/zero padding was selected as the
primary resampling method due to the superior quality of the solu-
tion at sample rate transitions. The superiority of the method over
linear interpolation is shown in Fig. 1. Figure 1 contains plots of
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Fig. 1 Comparison of Fourier coefficient magnitude contours (momentum term) for different interpolation schemes at a transition from 7 to 16

frequencies with contours from a constant 16 frequency solution.
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contours of constant Fourier coefficient magnitude for both types of
interpolationat a transition from 7 frequencies (15 samples/period)
to 16 frequencies (33 samples/period). Differences in the com-
puted Fourier coefficients, and thus in the reconstructed solution
in the physical domain, are highlighted as differences in the con-
tours. Also included are coefficient magnitude contours for a non-
adapted solution with a constant 16 frequencies(dashed lines). Ide-
ally, the contours for the solutions with a frequency transition will
be the same as, or close to, these contours. As can be seen, the
frequency-domaintruncation/zero-paddedsolutionis smoother and
more closely matches the constant-sample-rateresults than the lin-
early interpolated solution.

To achieve a smooth solution at frequency transitions, it was nec-
essary to resample the transition boundariesat every RK integration
stage. Attempts to time lag the transitions by freezing the resampled
values at the first integration stage resulted in discontinuities at the
transition cell, even when both sides of the transition had the same
number of frequencies and no interpolation was required.

As a consequence of the need to resample the transition bound-
aries at each integration stage, the previously uncoupled system
of equations represented by Eq. (6a) became effectively coupled
through the resampling operation. This made it necessary to store
intermediate solutions for all of the equations in the system, sig-
nificantly increasing the storage requirements of the solver. For this
reason, it was importantthat the adaptivesplit-domainharmonicbal-
ance method be implemented with a numerical integration scheme
with low storage requirements.

Results

Test Cases

Adaptive frequency augmentation was applied to several one-
dimensional test cases. The first set of cases consisted of a family
of problems with sinusoidally varying supersonic inflow. For these
cases, the inflow Mach number was varied according to

M = 2.0+ asin(wt) (11)

while maintaining a constantdensity and static pressure. The mag-
nitude of the sinusoidal disturbance was varied to achieve various
flow characteristics. Time-accurate pressure distributions at sev-
eral snapshots in time for a flowfield with @ =0.25 are shown in
Fig. 2. Because the resulting flow is hyperbolic in time with all
flow information traveling in the downstream direction, these test
cases provideda simplified environmentfor investigating frequency
transitions.

The last test case consisted of a purely subsonic flowfield loosely
approximatingthe flow in an open tube with an oscillating piston at
one end. The piston action was simulated by imposing a sinusoidal
velocity u(t) = a sin(wt), a zero pressure gradient,and constanttotal
enthalpy at a stationary (left) boundary. The open (right) end of the
tube was modeled with a characteristic-variablefar-field boundary
condition.!!

Theseboundaryconditionsresultina complex,periodic,subsonic
flowfield containing alternating right-running shock and expansion
waves interacting with reflections from the open end of the tube.
When the length of the tube and the magnitude and frequency of the
imposed sinusoidal velocity are varied, the flowfield was adjusted so
that a stationary periodic flowfield with moderately strong features
was produced. Figure 3 contains time-accurate pressure plots for
the subsonic test flowfield at several points in time throughout one
period of the piston.

All harmonic balance solutions were converged to an overall
residual R of 1.0e — 9, for a drop of approximately 6.5 orders of
magnitude. For comparison purposes,all test cases were also solved
with a validated time-accurate, second-order-in-spae Roe solver.

The parameters of the supersonic test cases (SS1-SS4) and sub-
sonic piston case (SU1) are summarized in Table 1.

Tuning the Adaptive Solver
Selection of Augmentation Threshold

The key parameter of the adaptive harmonic balance method is
the augmentation threshold E .. This threshold value indirectly

Table 1 Summary of test case parameters

Configuration Unsteady amplitude 0} Grid length
SS1 0.05 4 2.0
SS2 0.1 4 1.0
SS3 0.25 4 1.0
Ss4 0.5 4 1.0
Sul 0.057 S 2.0
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Fig. 2 Nondimensional static pressure for supersonic test case SS3,
M = 2.0 % 0.25, generated with time-accurate Roe solver on 1000-cell
grid, vertical axis range = 0.125-0.25.

controls the frequency distribution and, thus, the run time and ac-
curacy of the resulting solution. To study the effect of Eysn On
the solution, and to determine a suitable range of values for E e,
solutions were generated for both the supersonic and subsonic test
cases with thresholds ranging from 5.0e—4 to 1.0e—10.

The effect of Ey,sn On problem size (the average frequency con-
tent of the solution) and compute time is shown in Fig. 4. For
both cases, the average frequency content increased linearly with



MAPLE, KING, AND OXLEY 1709

0.0P

I

t

0.1P

/1
L

t

0.2P

t

v
|

=0.4P

t

\
|

t

=0.6P

t

\
(
|

t=0.8P

0.9P

t

Nondimensional Spatial Position
Fig. 3 Nondimensionalstatic pressure for subsonic virtual piston test

case SU2, generated with time-accurate Roe solver on 1000-cell grid,
vertical axis range = 0.32-1.1.

decreases in log,( Ewmresn). The size of the supersonic adapted har-
monic balance problem grew approximately 8 times from the largest
threshold to the smallest, whereas the size of the subsonic problem
grew approximately 3.5 times. Compute time for the supersoniccase
grew at approximately the same rate as the problem size, increasing
6.7 times from the largest to smallest thresholds. Down to a thresh-
old of 5e—8, runtime for the subsoniccase also grew at the same rate
as problem size. For smaller thresholds, however, the subsonic run
time grew at approximately twice the rate of problem size. This was
due to the reduced CFL required at these low thresholds (Table 2).

An example of the changein frequency contentand solutionqual-
ity with changes in augmentation threshold is shown in Figs. 5-8.
Figures 5-8 show pressures and frequency distributions for cases
SS3 and SU1, respectively, at augmentation thresholds of 1.0e—4,
1.0e—7, and 1.0e—10 on 500 cell grids. In Figs. 5 and 7, pressures
from the harmonic balance solutions were reconstructed from the
computed Fourier coefficients at time # =0 relative to the distur-
bance period. Note that the reconstruction could just as easily have
been generated for any time with equal fidelity.

Table2 Maximum Fourier frequency and
stable CFL for case SU1, 500 grid cells, for
decreases in augmentation threshold

Ehresh Maximum N Maximum CFL
1.0e—6 40 1.7
1.0e—7 45 1.5
1.0e—8 58 1.1
1.0e—9 67% 1.0
1.0e—10 822 0.7
“Maximum allowed for run.
—=—— Avg Freq-S$S3
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- — -8 — Normalized Runtime $S3
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Fig. 4 Changein average frequency content and run time with chang-
ing augmentation threshold for cases SS3 and SU1 on 500-cell grid.
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Fig. 5 Nondimensional static pressure for adapted solutions at three
different augmentation thresholds, case SS3, 500 grid cells.

Figure 6 shows adapted frequency distributions for case SS3.
From Fig. 6, one can determine the number of Fourier frequencies
included at each cell in the computational grid for each of the three
augmentation thresholds. As seen in Fig. 6, there was a significant
increase and refinement of the frequency distribution and solution
quality with the change from 1.0e—4 to 1.0e—7. For smaller thresh-
olds, there was no perceptiblechange in the reconstructedpressures,
despite a large increase in frequency content.
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Fig. 6 Adapted frequency distributions for three different augmenta-
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Fig. 7 Nondimensional static pressure for adapted solutions at three
different augmentation thresholds, case SU1, 500 grid cells.
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Fig. 8 Adapted frequency distributions for three different augmenta-

tion thresholds, case SU1, 500 grid cells.

The adapted frequencycontentof the subsoniccase alsoincreased
significantly with each decrease in Ey, (Fig. 8). Unlike the su-
personic case, the subsonic pressure distributions for thresholds of
1.0e—4 and 1.0e—7 are nearly identical (Fig. 7). The increased fre-
quency content resulting from the decrease in threshold did not im-
provethe solution.In fact, a thresholddecreaseto 1.0e—10 produced
adegradedsolutionwith high-frequencyoscillationsupstreamof the
strongest shocks.

The results for both the subsonic and supersonic cases are con-
sistent with earlier findings of Maple et al.,> who found that there
is a frequency distribution for which further augmentation does not
increase accuracy. Across all of the test cases, this distribution was
attained foraugmentationthresholdsat or above5.0e—8, suggesting
this value as a suitable lower bound for E .-

The maximum acceptable value for Eysn Will vary widely de-
pending on the flow being modeled, the grid used, and the desired
solution quality. A conservativeupper bound for a high-fidelity so-
lution would be on the order of 5.0e—7, although a larger thresh-
old may be acceptable for some problems, as it was for case SU1,
where a threshold of 1.0e—4 produced comparable results (Fig. 7).
If alower-fidelity solutionis acceptable,for example, only the time-
average solution is of interest, then a much higher threshold would
suffice.

Augmentation Increment Size

To find the frequency augmentation increments for best overall
performance, the split-domain solver was run for a fixed number of
iterations for every number of frequencies, N from 3 to 100. The
execution times for each run were normalized by the run time for
N =3 and are show in Fig. 9. For values of N that result in a poor
factorizationas already discussed,the costof the FFTs dominatesthe
overall run time. However, for values of N with good factorization,
the normalizedrun time is nearly linear, which indicates that the cost
of the FFTs is small relative to the cost of the flux calculation. These
best-factored series lengths resulted in augmentation increments of
1forl <N <7,approximately3 for7 < N <30, and approximately
5 for 30 < N <100.

Adaptation Trigger

A series of solutions was computed for various values of the
residual-based adaptation triggers, k, (initial) and «, (subsequent).
To ensure that augmentation was based on these triggers, the
iteration-count-basad triggers were disabled.

The adaptation triggers were found to have little impact on the
final solution. They did, however, have a significant impact on run
times. The behavior for a given set of triggers was quite different
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Fig. 9 Effect of series length on split-domain solver run time.
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for supersonic and subsonic solutions. For the supersonic cases, it
was best to adaptafter only a small reductionin residual. The hyper-
bolic nature of the supersonic flowfields meant that any disturbance
introduced in the flow had to propagate out of the grid before the
solution converged. Thus, there was no advantage in converging a
solutionbeforeadding new frequencies.The optimum trigger values
for supersoniccases were found to be k; =0.25 and k; =0. In com-
parison, the solution with x; =2.0 and «, = 0.1 took 50% longer to
compute.

The opposite behavior was observed for the subsonic case. Here,
the elliptic nature of the problem meant that converging the low-
frequency solutionsbeforeadaptingprovideda distinctperformance
advantage. The coefficients of the lower Fourier frequencies were
dominated by spatially low-frequencybehavior and were slowest to
converge. Adding higher Fourier frequencies introduced small er-
rors with higher spatial frequency that were quickly removed by the
solver, but had relatively little effect on the lower Fourier frequency
coefficients. Thus, it was advantageousto refine the low-frequency
solution before augmenting the frequencies. Conceptually, this is
similar to a full multigrid scheme, in which a solution is first refined
on a coarse grid before being transfered to a fine grid for further
refinement.

The bestrun time for the subsoniccase was achievedwithk; = 2.5
and k, =0.1. The longest run time (approximately 55% longer) was
achieved with x; = 0.5 and k, = 0.1. Attempts to run with x; =0.25
resulted in unstable solutions.

One subsonic test, conducted with «; =2.75, never adapted. The
solution residual at the initial frequency content (N = 3) plateaued
after a drop of approximately 2.55 orders of magnitude and failed
to achieve the specified drop. Had the iteration-based triggers been
enabled, they would have ensured that the solution was eventually
adapted.

Accuracy

Figures 10-13 address the accuracy of the adapted harmonic bal-
ance method. Figures 10 and 12 compare pressure distributions for
adapted and nonadapted (fixed frequency) harmonic balance solu-
tions with a conventional time-accurate solution at time 7 = 0 rela-
tive to the disturbance period for cases SS4 and SUI1, respectively.
Figures 11 and 13 containisolevelsof Fourier coefficient magnitude
in the position-frequency plane for the pu Fourier series for cases
SS4 and SU1, respectively, along with the final adapted frequency
envelopefor each case. The contoursin the lower frequenciescorre-
spond to larger coefficient magnitudes, whereas the contours in the
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Fig. 10 Computed nondimensional static pressure for adapted (aug-
mentation threshold 7.0¢—8) and nonadapted, 49 frequency harmonic
balance solutions, case SS4, 601 cells, compared with 1000-cell time-
accurate solution.
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Fig. 11 Isolevels of Fourier coefficient magnitude (pu) for adapted
(augmentation threshold 7.0e—8) and nonadapted, 49-frequency har-
monic balance solutions, case SS4, 601 grid cells.
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Fig. 12 Computed nondimensional static pressure for adapted (aug-
mentation threshold 7.0¢—8, variable CFL) and nonadapted, 58 fre-
quency harmonic balance solutions, case SU1, 601 cells, compared with
1000-cell time-accurate solution.

higher frequencies correspond to smaller magnitudes. Differences
between the adapted and nonadapted harmonic balance solutions
that are too small to be easily seen in the reconstructed pressure dis-
tributions are easily seen as differencesin the coefficient magnitude
contours.

The pressure distributions for case SS4 (Fig. 10) are typical of
all of the supersonic cases, that is, the reconstructed pressures for
the adapted and nonadapted solutions are equivalent and compare
favorably with the time-accurate calculation. Both include slight
second-order Gibbs effects at the shocks that normally would be re-
moved with increased artificial dissipation. The Fourier coefficient
magnitudes of the pu term (Fig. 11) confirm that except for some
small differencesin the highestfrequenciesand near-frequencytran-
sitions, the adapted and non-adaptedresults are essentiallyidentical.
This suggests that the higher frequencies included in the constant-
frequency (nonadapted) approach but not in the adapted approach
have no significant impact on accuracy.

For case SU1, the reconstructed pressure distributions for the
adapted and nonadapted harmonic balance solutions (Fig. 12) are



1712 MAPLE, KING, AND OXLEY

Adapted Freq Y p

‘ s Adapted 58 Freq

W

Frequency Number

100 200 300 400 500 600
Cell Index

Fig. 13 Isolevels of Fourier coefficient magnitude (pu component)
for adapted (augmentation threshold 7.0¢e—8, variable CFL) and non-
adapted, 58-frequency harmonic balance solutions, case SU1, 601 grid
cells.

comparable. There are slight differences in the two solutions,
however, as can be seen by examining the coefficient magnitude
contours in Fig. 13. Unlike the supersonic case, there are small but
noticeable differences between the adapted and nonadapted har-
monic balance Fourier coefficients. These differences result from
the use of a variable CFL in the adapted solution. Even with a split-
domain harmonic balance formulation, it was sometimes necessary
to decrease CFL when a large number of Fourier frequencies were
included in the solution. To minimize run time, the CFL was lin-
early varied between a user-specified maximum and minimum as
the sample rate increased. This allowed the use of a larger CFL dur-
ing the early stages of the solution when frequency content was low
and a larger time step was possible and in cells that required fewer
frequencies in the final solution.

The operator-splitting technique employed in the split-domain
formulation introduces a small discretization error. Because of this
error, the steady-state solution computed by the split-domain har-
monic balance method has a small dependence on time step size.
Application of CFL scaling resulted in larger time steps in some
cells and, thus, slightly changed the steady-state solution. The two
solutions could be made nearly identical by freezing the CFL of the
adapted solution at the same value used for the nonadapted solution,
but this would increase run time and result in only minute changes
to the reconstructed pressures.

Both adaptedand nonadaptedharmonicbalancesolutionsfor case
SU1 show some discrepancies when compared to the time-accurate
solution, particularly in the trough regions. These discrepancies
were traced to the boundary condition at the open (right) end of the
grid. For this case, the steady-state solutions correspondingto a few
time samples have a shock at the exitboundary. The far-field bound-
ary condition applied at that boundary was not designed for such
an extreme gradient, and the pressures at the boundary were over-
predicted. This is evident in a comparison of the computed pressure
at that boundary for the harmonic balance and time-accurate solu-
tions (Fig. 14). The pressure recovery immediately following the
period of negative velocity (inflow) was much sharper for the time-
accurate solution than for the harmonic balance solution. The result
was a delay and attenuation of the left-running expansion wave re-
flected from the right boundary. The same boundary condition was
used in the time-accurate code, but in that case, the shock at the
boundary was moving, and so its effect on the boundary condition
was less severe.

Grid Density
The maximum significant Fourier frequency in any grid cell is
highly dependenton grid density. High-frequency coefficients vary
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Fig. 14 Comparison of unsteady pressure at tube exit for time-
accurate and harmonic balance solutions.
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Fig. 15 Variation in adapted frequency distributions with changing
grid density for test case SS3, augmentation threshold 5.0¢—8.

rapidly in the spatial dimensions and require a fine grid for accurate
resolution. For a grid density insufficient to support a given Fourier
frequency, the coefficient magnitudes are damped, and less energy
is contained in that frequency. This establishes a natural ceiling
for frequency augmentation, which leads to an observed benefit of
the adaptive harmonic balance approach, automatically matching
the included frequency content to that supported by the compu-
tational grid. The variation in adapted frequency distribution with
grid density is shown in Figs. 15 and 16, which show the final fre-
quency distributionsat several grid densities for cases SS3 and SU1,
respectively.

Performance

To judge the performance benefit of the adaptive harmonic bal-
ance approach, two performance metrics were examined. The first
was problem size reduction, as measured by the difference between
the maximum and average number of included frequencies in an
adapted solution. The second metric was the run time required to
converge each solution to steady state. For each of the test cases
SS2, SS3, SS4, and SU1, an adapted solution was calculated with
an augmentation threshold of 7.0e—8 and optimal triggers. A non-
adapted solution was also calculated based on the highest frequency
contentin the adapted solution.

The reduction of frequency content and run time for the adapted
solution is shown in Fig. 17. In all cases, adaptation resulted in
reduced run times, despite relatively small reductions in frequency
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Fig. 16 Variation in adapted frequency distributions with changing
grid density for test case SU1, augmentation threshold 5.0e—8.
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Fig. 17 Reduction of averagefrequency content and run time for adap-
tive vs nonadaptive harmonic balance.

content. The subsonic case showed the most improvement, with
more than a 50% reductionin run time compared to the nonadapted
case. Much of this reduction was due to the variable CFL. The
adapted solution was computed with a CFL ranging from 1.7 to
1.35. The nonadapted solution required a fixed CFL of 1.3. The
higher CFL, coupled with the efficiency gained in solving the large-
scale flow structures with fewer frequencies, resulted in a run time
reduction 20% higher than the problem size reduction.

The adapted and nonadapted supersoniccases all converged with
the maximum CFL of 1.7, so that the adapted solutions had no time
step advantage. The number of iterations required to converge the
adapted solutions increased relative to the nonadapted solutions by
as much as 15%, but the reduced average-frequency content still
allowed a small but significant reduction in run time.

Multigrid

The adaptive harmonic balance technique is compatible with
multigrid convergence acceleration. For verification, full approx-
imation scheme (FAS) multigrid was implemented in the solver.
Conservative, volume-weighted restriction and linear prolongation
operators were applied to the Fourier coefficients in the frequency
domain. Residualsrequired for multigrid calculationswere obtained
by dividing the difference between a temporarily updated solution
and the current solution by the local pseudotime step:

N+l _ O
- @ _ ) .

Table3 Run-time performance comparison for adapted
vs nonadapted harmonic balance solutions, with and
without multigrid acceleration, case SS1, 1025 cells

Method Seven frequencies Adapted
Nonmultigrid, s 102.3 88.4
Multigrid, s 50.9 45.7
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Fig. 18 Computed nondimensional static pressure for adapted (aug-
mentation threshold 7.0¢—8) harmonic balance solutions, case SS1,
1026 cells.

The temporarily updated solution was later replaced by the
multigrid-corrected solution.

A low-disturbance-magnituc supersonic case (case SS1) was
solved on a 1024-cell grid using a five-level FAS multigrid V cycle
(Fig. 18). This case produced a solution that was relatively smooth
over most of the grid. The adapted frequency distribution contained
just two frequencies at the inlet and gradually increased in one-
frequency increments to seven frequencies at the exit.

To simplify the FAS multigrid implementation, the adaptive har-
monic balance algorithm was modified slightly. Under the modified
algorithm, the primary adaption trigger was based on cycle count
rather than residual drop. For this case, adapting every three multi-
grid cycles was effective.

Run times for both adapted and nonadapted solutions, with and
without multigrid, are given in Table 3. In both the adapted and
nonadaptedcases, run times with multigrid accelerationare shorter.
The nonadapted solution benefits slightly more than the adapted
solution. Whereas these speedups are significant, much better ac-
celeration should be possible. For example, the linear restriction
and prolongationoperators used in this implementationare not well
suited to the oscillatory nature of the Fourier coefficients obtained
from the harmonic balance solution. The authors believe that devel-
opmentof improvedrestrictionand prolongationoperatorsdesigned
specifically for the harmonicbalance equationsis an area of research
that could greatly improve on the acceleration observed here.

Conclusions

A new adaptive harmonic balance method was presented and
applied to a variety of subsonic and supersonic one-dimensional
flowfields containing strong moving shocks. The adaptive method is
a frequencyaugmentationapproachthatautomaticallyincreases,on
a cell-by-cell basis, the frequency content of the solution. Increases
are based on Ey, the fraction of spectral energy contained in the
highest computed Fourier frequency. For thresholdsin the range of
S5e—T7-5e—8, Ey reliably identified grid cells requiring additional
frequenciesthat could be adequately resolved by the computational
grid.

Adaptation scheduling was found to have a significant impact
on the run-time performance of the adaptive solver. For supersonic



1714 MAPLE, KING, AND OXLEY

flows, rapid adaptation with minimal flow development time pro-
duced the best performance. For subsonic flows, a scheduling ap-
proach that allowed more time for flow developmentbetween adap-
tations was best. Proper selection of augmentation increments was
also found to be critical. When increments were selected that min-
imized the time required for FFT calculations, run times were re-
duced by as much as a factor of three.

For all test cases, the adaptive method with best parameters pro-
duced solutions equivalent to a nonadapted harmonic balance so-
lution, but with as much as 2.1 times speedup. This speedup was
obtained despite the fact that the test cases contained strong discon-
tinuities throughout most of the solution domain and, thus, had a
relatively high average adapted-frequencycontent.

The authors acknowledge that the adaptive harmonic balance so-
lution approach is not the ideal approach for all problems and that,
for the testcases presentedin the paper, a conventionaltime-accurate
approach would be more efficient. The test cases addressed were
chosen to stress the algorithm, not to be good benchmark cases.
Two factors make them poor benchmark cases, the high overall fre-
quency content throughout the grid and the high grid density that
supports the high-frequency content. The adaptive approach does
not require that all possible frequencies be included: Frequency
content is naturally capped by grid density and can be additionally
controlled through the user-defined adaptation threshold Ey, e -

Maximum benefit from the adaptive approach is achieved when
the average-frequencycontentis low and regions of high-frequency
content are limited to a portion of the domain, either through the
physics of the flow or through grid design. Under these conditions,
the adaptive approach provides higher fidelity at the same cost as
current harmonic balance approaches, or if desired, it provides the
same fidelity at a reduced cost.
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